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I. 


Il^'TRODUCTIOlI.   In  special  report  llo,  I7O-I  it  was  proved 
that  each  transverse  electric  or  transverse  magnetic  mode  associated 
with  a  circularly  cylindrical  coaxial  wave  guide  or  cavity  reduces 
to  a  corresponding  mode  associated  with  a  circularly  cylindrical 
wave  guide  or  cavity,  as  the  radius  of  the  inner  coaxial  conductor 
approaches  zero.  This  proof  was  "based  on  a  mathematical  theorem 
which  involves  the  "behavior  of  the  explicit  solutions  of  the  equa- 
tions, 

J  (x)  N  (  fx)  -   J  (Px)  K  (x)  =  0,  (1) 

n     n        n      n 

J^(x)  N^(^x)  -  J^CPx)  N^(x)  =  0.  (2) 

Specifically,   the   theorem  of  report  Ko,    I7O-I    shows   that   t© 

each  root,    x     ,   of  J   (x)  =  0     1  or  x'    ,    of  J'(x)  =  0'\    there  corre- 
*n'  n  Lm'  n  J 

spends  an  explicit   solution,    x(  P  ),    of   equation  (l)      lor   (2)  I 

above,   which  approaches     x       for  x' 1    as  p  approaches   zero*:  and 

conversely,    that  each  solution  of  equation  (1)     I  cr   (2)j     approaches 

a  root  of     J   (x)  =0       I  or  J'(x)  =  0    |  ,     Moreover,    the   correspondence 

th 
is   one-to-one  so  that   one  can  assert   that   the  m       positive  root   of 

J   (x)  =  0     j  or  J'(x)  =  0\  corresponds  to  the  m       positive  solution, 
n  (_         n  J 

in  order  of  magnitude,    of  equation   (l)     for   (2)1    ,    for  ^ near  0. 

In  the  proof  of  the   converse  statement   of  the  theorem,  physical 

evidence  was   introduced  to    show  that  an  explicit   s.ilution  of  equation 

(1)      for   (2)  J    must  "be  continuous  and  cannot  approach  zero,    nor  tend 

to  infinity,   "but  must  approach  a  finite   limit. 

The  purpose  of  this   addendum  is   to   supply  mathematical  proof 
of  those  points  which  were  previously  esta'blished  "by  physical  reason- 
ing.    Before  doing  this   it  must  be  made   clear  just  what  is  meant  "by 
a  solution,      x(  (°  ),    cf   (l)     for   (2)1     ,   how  much  we   can  expect  to 
prove  a"bout    such  a  solution,    and  hov/  much  v/e  need  to  prove. 

♦Throughout   the  discussion,   "both  in  the  main  report  and  in  this 
addendum,  we  are  interested  only  in  values  of  P  that   satisfy  the 
inequality    P   ^     0. 


3y  the  implicit  function  theorem,  under  conditions  which  are 
stated  in  report  Ko,  I7O-I  and  in  any  advanced  calculus  text*,  and 
which  are  satisfied  hy  (1)  Tand  (2)1  ,  in  a  sufficiently  restricted 
neighborhood  of  some  pair  of  values,  P  =  (*^  ,  x  =  x   ,  the  equation 

determines  x  uniquely  as  a  continuous  function  of  P.   By  direct 

application  of  this  theorem  we  proved  the  first  part  of  the  theorem 

stated  above,  namely,  that  to  each  root,  x  ,  of  J  (x)  =  0 
•       '  •  m  •      n 

f  or  x'  ,  of  J'(x)  =  0^  there  corresponds  a  solution,  x{   f  )   of, 

eqxxation  (1)  for  (2)  |  ,  continuous  in  a  suitably  restricted  neigh- 
borhood of  P=  0,  X  =  X   for  x'1  , 
'     •       m  U    m  J 

With  regard  to  the  converse  it  is  pertinent  to  ask  what  is 

meant  by  each  solution  of  (l)  Tor  (2)  |  approaching  a  root  of 

J  (x)  =  0   for  J'  (x)  =  0  I  ,   We  have  shown  that  there  are  infi- 
ll     L       '^  J 

nitely  many  continuous  branches  of  the  function  x(  p  ),  for  P  near 
0;   and  hence  it  Is  possible  to  construct  discontinuous  solutions, 
x(  P  ),  at  will,  by  any  arbitrary  selection  of  x  from  these  con- 
tinuous branches  in  different  parts  of  a  range  of  .p  -values.  More- 
over, for  all  we  know,  there  may  be  other  discontinuous  solutions, 
having  no  points  belonging  to  the  continuous  branches.   It  is 
desired  to  show  that,  however  \re  may  construct  a  f\inction,  x(P), 
Satisfying  (1)  ^or  (2) J  identically  in  a  neighborhood  of  P  =  0, 
if  such  a  function  has  a  finite  limiting  value  as  P  tends  to  0 
that  limiting  value  must  be  one  of  the  values,  x    for  x'  "j  , 
satisfying  J  (x)  =  0   for  J'(x)l  =0.   It  follows  from  the 

uniqueness  of  the  solution,  x(  P),  in  a  sufficiently  restricted 
neighborhood  of  P=  0,  x  =  x    j  or  x'T  ,  that,  in  that  neighbor- 
hood, the  function  we  have  constructed  must  belong  to  the  particular 

continuous  solution  that  tends  to  x   f  or  x'  1  ,   We  desire  to  show 

m  L    m  J 

♦e.g.   Couraint ,  R. :  Differential  and  Integral  Calculus,  vol.II,p.llU. 


also,  that  any  solution  x(P)  which  tends  to  oo  as  P  tends  to  0 
must  be  discontinuous  in  every  neighborhood,  0  <  P  <  £,  ,   for  any 
positive  C     ,  i.e.  it  mast  tend  to   oo  by  an  infinite  sequence  of 
jumps.   That  such  a  solution  is  possible  is  immediately  evident 
since  we  can  piece  together  a  solution  from  the  infinitely  many 
continuous  branches  by  choosirig  values  from  branches  converging  to 
various  values  of  x   |  or  x'  j  with  m  tending  to  oo   as  ^  tends 
to  0, 

The  proof  v/ill  be  broken  into  three  parts  as  follows: 

I.  x( P )  cannot  have  0  as  a  limiting  value  as  P 
approaches  0. 

II.  Any  finite  value  approached  by  values  of  x(  f)  as  f* 
tends  to  0  must  be  a  value  of  x   for  x'T  ,  and  any  value  of 

x( /"  )  that  exists  in  a  sufficiently  restricted  neighborhood  of 

^=  0,  X  =  X   For  x  =  x' I  must  belong  to  the  continuous  branch 
m  L       mj 

of  x((*)  already  shown  to  exist  in  that  neighborhood, 

III.  Values  of  x{P)   can  tend  to  oo  as  P  tends  to  0  only 
discontinuous ly. 

We  shall  first  prove  the  statements  above  for  equation  (l) 

and  then  show  ho\;  the  proof  can  be  adapted  to  equation  (2), 

PROOF  -  Part  I 

Suppose  x( P )  has  0  as  a  limiting  value  as  P   approaches  0, 

We  shall  show  that  this  assumption  leads  to  a  contradiction.  We 

first  consider  the  case  in  which  n  >  0,  and  vnrite  equation  (l)  in 

the  form 

J^(x)     i:^{x) 

/(.Ox)  -lAp  x)  =  °  •  ^3) 

n        n 


n+2 


Ve  can  express  J   (x)  and  N  (x)  in  the   following  forms:* 

J    (X)    =    iy    (|)       +11,  (X)      . 

n  nJ      2  i 

n-1    /  -  V ,  -n+2r 

\M  =  -   Z    ^""^r         (|)  +  C(x)  log    1+  D(x)    . 

where  R-,(x)    is   a  po\;er   series   in  x  beginning  \;ith  a  term  in  x        , 
and  C(x)  and  D(x)  are  power  series   in  x  each  "beginning  with  a  tena 
in  X     . 

Equation  (3)  can  then  te  written  in  the  form: 


i^(^)VH^(P.) 


=  0.    (U) 


n-1  -n+2r 

/,/  s  -1    X  ^  _,  V    -^ —  (n-r-1).'   /Xv 
C(x)  log  -  ■♦-  D(x)  -  Z,_  -i^ —  ■,     (^) 

c(p.)  log  4^  .  D  (Px)  -  ^  i^^^£JLr''' 

r=0 

In  the  first  fraction  we  divide  numerator  and  denominator  by  x  , 
and  in  the  second  fraction  we  iailtiply  numerator  and  denominator 
by  (<*'x)  .  There  results 

n  1  ~^'^^'' 

{(Oy^f     C(x)  log|MPx)^D(x)-  (P^  y- iilipi)i_(l)     ^2r 


rj     '2' 

=  0.  (5) 


(/•^x)"  C{x)log^HPx)'i}iPx)   -  y-  (n-r+l)!^lp""^^^^^^2r 

r=0   ^'     2 

*See  the  expressions  for  J  (x)  and  rl  (x)  in  Introduction  to  Bessel 

Functions  by  G.iT.Watson,pp.UO,62.     The  expressions  for  N  and  H' 
n      n 


were  stated  in  special  report  xTo,  I7O-I, 


5. 

where  R  (x)  and  R  (j^x)  result  from  dividing  R,(x)  and  Il{(-'x)   "by 

n  2 

X  ,  and  therefore  have  x  as  the  lowest  power  of  x.   If  \re   now 

consider  the  value  of  the  left-hand  side  of  equation  (5)  when 

x( P)  is  substituted  for  x  and  P  approaches  0,  ue  find  that  the 

first  fraction  oecomes  infinite  v;hile  the  second  fraction  approaches 

0,  for  x-values  near  0,  ine  whole  expression,  however,  should  he 

identically  0  for  all  x(  T  )  "oeing  considered.  Hence,  from  the 

contradiction  ue  conclude  that  x  csinnot  have  0  as  a  limiting 

value  as  P  tends  to  0. 

Now  considering  the  case  in  \Aiich  n  =  0,  we  again  write 
equation  (l)  in  the  form 


J^(Px) 


N^(x) 


N  (P  x) 


0. 


(3a) 


Inserting  the  values  of  N  (x)  and  N  (  P  x),  (3a)  can  he  written 


J^(x) 


J^(  P  x) 

0 


(  V  -  log  2  +  log  x)  J^(x)  -  D(x) 

(  Y  -  log  2  +  log  px)  J^(  P  x)-  D(P  x) 


=  0  ..   (6) 


vtiere  Y    is   a  constant  and  D(x)  is   a  power  series  "beginning  with  a 

2 
term  m  x  . 

Again  we  assume  that  x(  P  )  has  0  as  a  limiting  value  as  P 
tends  to  0,  and  we  shall  show  that  this  assumption  leads  to  a  contra- 
diction.  We  first  rewrite  eqiiation  (6)  in  the  form 


JT'p~T) 


Y  -  log  2  +  log  X  ■ 

D(x) 

J    X 

0 

Y  -  log  2  +  logPx  - 

D(  Px) 
J^(fix) 

Q. 


(7) 


lor  X  and  Px  near  0,   neither  J^Cx)  nor  J^(Px)  cp.n  be  0,    since 

J  (x)  approaches  1  as  x  approaches  0^     Hence,   for  the  values  of  x(  P ) 

0 
that  have  been  acsuiaed, 

Y  -  log  2  ^  log  X  -  -^ 
1_     ^-_ =     0.  (8) 


Y  -  log  2  *  logfx  -  -fi^ 


D. 


Siniplifying   (8) 

D(Px)  D(x) 

^°S^-     J    (Px)       ^       J    (x) 


V-log2     .logPx-fgil^ 

J    (px) 


=    0  .  (9) 


0 

For  the  assumed  solution  x(  p),  tending  to  0  with  P  ,  equation 
(9)  holds  identically.  Hence,  either  the  numerator  is  zero  or  the 
denominator  is  infinite. 

First  let  us  consider  the  numerator.  For  values  of  P  , 
X,  and  Px  near  0,  the  first  term  v;ill  te  large  while  the  second 
and  third  terms  \n.ll   he  near  0.  Hence  the  numerator  cannot  "be  zero. 

The  denominator  is  dominated  hy  the  term,  log  Px,  and 
this  term  is  infinite  only  when  x  =  0,   Since  when  Pf   0  and  x  =  0 
equation  (1)  "becomes  I'oo-  l«oo  =0,  these  values  cannot 
be  said  to  satisfy  (l),  and  hence  such  values  need  not  "be  considered. 
We  can  therefore  exclude  the  possi"bility  of  the  denominator  "being 
infinite. 

Since  the  assumption  that  x(  P)  tends  to  0  v/ith  P   leads 
to  a  contradition  v/e  conclude  that  x(  P )  cannot  have  0  as  a  limit- 
ing value* 

Part  11 


We  nov/  suppose  that  x(  p )   remains  "bounded  sind  has  some 

finite  limiting  value  as  P  tends  to  0,      In  this  case   Px  also  tends 

to  0.     We  consider  equation  (l)  in  the  form 

N     (x) 

■^n^-^     -WTP^      V^-^     =°-  (^°) 

n 

We  first  note  that,  as  a  consequence  of  Part  I,  x(  P  )  cannot  have 

0  as  a  limiting  value  as  P  approaches  0,  For  any  other  finite 

limiting  value  the  second  tern  in  equation  (lO)  approaches  0  with  f , 

Hence  the  corresponding  values  of  J  (x)  mast  approach  0,  and  since 

J  is  a  continuous  function  of  x,  the  limiting  value  approached  "by 


n 


;t  "be  a  root  of  J  (x)  -  0. 


X  rausv  WW --  j^. 


7. 


Since     x(P)  may  "be  a  discontinuous  function  of  P  there 
ean  fee  many   limiting  values  approached  "by  x(P  )  as  P  tends   to  0, 

Bat   each  must  "be  a  root   of  J    (x)  =  0,      Consider  the  values  of 

n 

x(  P  )  \ihich.  ^proach  one  particular  root,   x  ,    of  J   (x)  =  0,     For 

P  sufficiently  near  0  these  values  all  lie  in  an  arhitrarily 

small  interval  of  x-values  ahout  x   .     Moreover,  ue  may  define  the 

m  ,      « 

value  of  x(0)  as  x^.  II ov  the  implicit  function  theorem  asserts 

m 

that  any  solution  x(P)  of  equation  (l),  v/hich  assumes  a  T«lue 
x(0)  at  P=  0  (v/hich  is  x  in  this  case)  such  that  equation  (l) 
is  satisfied  "by  P=  0,  x  =  x{0)  =  x  ,  is  unique  in  a  sufficiently 
small  neighborhood  of  (0,  x  ).  Is  the  main  report  ue  eotafelished 
the  existence  of  a  continuous  solution  x(P)  of  equation  (l)  which 
approaches  any  given  root  of  J  (x)  =  0.   It  therefore  follows  that 
the  values  of  x(P)  which  we  have  assumed  to  approach  x  must  "belong 
to  the  continuous  solution  already  known  to  exist. 

We  can  therefore  conclude  that  values  of  x( P )  can  approach 
finite  limiting  values  as  P  tends  to  0  only  along  the  continuous 
solutions  found  earlier.   It  is  hence  reasona"ble  to  order  the  con- 
tinuous solutions  of  (l)  according  to  the  roots,  x  ,  of  J  (x)  =  0, 
which  they  approach;   and  it  follows  that  these  continuous  solutions 

of  (l)  arc  in  one-to-one  correspondence  with  the  roots  x  . 

m 

Part  III 


Ve  have  finally  to  consider  the  case  of  an  un'bounded  solu- 
tion, x( P ) ,  of  equation  (l);   that  is  a  solution  vftiich  tends  to 
infinity  as  P  takes  on  a  sequence  of  values  approaching  0*  We 
shall  prove  that  such  a  solution  can  tend  to  infinity  only  "by  a 
series  of  discontinuous  jumps, 

JLb   X  "becomes  infinite,  Px  may  or  may  not  become  infinite. 
We  consider  each  possi"bility  separately,  and  first  suppose  that 

P  X   tends  to  infinity  as  P  tends  to  0.  For  large  values  of  x 
we  may  use  asymptotic  expansions  for  ^ A^)   and  N  (x),*  and  vnrite 


*  The  statements  a'bout  the  asymptotic  expansions  for  these  functions 
that  are  here  used  are  esta"blished  in  Introdaction  to  Bessel  Functions 
"by  G,  N.Wat  son,  p.  199- 


g. 


J  {x)'W  —  COS  (x  -  yr  -  — )  +  terms  involving  higher  powers 
of  X  in  the  denominators, 

(x)'v  / —  sin  (x  -  T-  -  — -)  +  terms  involving  highe 


n 

of  X  in  the  denominators, 

We  may  write  instead 


ler  powers 


v^'-/ir-=(--?-^'=^'^)  • 


i',(-)-,/It   =i„(x-^-H)=  £,(x)    . 


n 


(11) 


where     €    (x)  and    £-p(x)  are  defined  "by  the  left-hand  sides   of  equa- 
tions   (11),    and  hoth  are  of  the   order  of     iT?"  * 

X  -*' 

Using  equations    (11)  v/e  have  as  the  exact  equivalent   of 
equation  (1 )  , 


/ 


2  ,  TT        OTTv       r    /     \ 

cog(x  -  ^ ^)-  c^{y-) 


TTX 


y^3i„(^.-^5^)-£,(^.) 


fvfx 


COS 


(Px-^-H^)-    £,(P: 


sin(x  -  ■^ ^)  -  £^(x) 


,/TTX 
L 


)|=   0. 


Neglecting  the  factor  7  -  ,   which  will  have  no  hearing  on  the  out«ome  , 
and  multiplying  out, 

coby,A  -  jj ^/   --"V.   ^^       ^         2' 


£.(x) 


cos(x  -  jj- ^)  sinCrx  -  -jj- ^) sin^.v-x  -  yj- ^; 


_iZ!^os(x-5-5|).    f,(x)f2(f='-) 


£i(^x) 


TT      nn> 


cos 


TT        nTT  V         /  TT        mr    \    ,    ^  i  .     /  I '        ni  I  \ 

(px  -  5  -  ^)sin(x  -  ^  -  -_)  +  __— -sin(x  -  jj  -  "2) 


i2^  cos(px .  5  -  H^)  -  e,( px)  e2(x)  =  0. 


This  may  te  written 

-----  sin  (^x  -  x)     +£(x,    Px)     =0,  (12) 

where  the  lov;est  order  tern  in  £.  (x,    px)   is  that   in  -g-i 

The   explicit   solutions  of  equation  (1)  may  "be   ohtained  from 
equation  (12)  which  is   its   exact  equivalent.     Multiplying  through 
"by    X  y~p~  I   ^'e  have 

sin(px  -  x)     +    £'(x,   f  x)     =  0, 
where  the   order  of       g.  (x,  Px)   is   that   of  -^ 


px   • 

Hence       ^x  -  x     =  m  rr  +  arc  sin    £'    (x,  Px), 

or,^  ^  -  ^  "^       J.     arc   sinr'('^,    Pt-) 

^^  ^  ~  pZr     *     ^        '    ^     .  (13) 

Uow  as  P  approaches  0,  we  have  assumed  that  x  and  f^x   "become 
infinite.   Consequently  ^'  must  tend  to  0.  But  the  continuous  solu- 
tions of  equation  (12),  and  therefore  of  equation  (l),  must  approach 
mn.  Hence  x  can  tend  to  infinity  only  by  discontinuous  steps.  A 
discontinuous  function,  x(P),  satisfying  equation  (l)  and  tending 
to  infinity  as  P  approaches  0,  can  oe  constructed  by  increasing  the 
value  of  m  through  integral  steps  as  (^  tends  to  0. 

We  nov;  consider  the  case  in  which  x  becomes  infinite  as  f*  takes 
on  a  sequence  of  values  approaching  0  while  Px  remains  bounded.   The 
values  of  P  X  must  then  have  a  finite  limiting  value,  which  we  shall 
call  L, 

Let  us  v/rite  equation  (1)  in  the  form 

J^(x)    J^C^x) 

"TT^  ~  K  (px)  "  °-  (1^) 

n       n^ 
The  fraction  J  (Px)   is  a  continuous  function  of  Px  for  Px  f   0, 

and  by  defining    n to  be  0,  this  fraction  is  made  continuous 


10 


for  (^x  =  0  as   well.  Nov;  let  P  take  on  a  sequence  of  values  tending 
to  0,  for  v:hich  x  becomes  infinite  and  Px  approaches  L.  Then  for 
any  positive  £,  ^"^  can  be  made  sufficiently  small  so  that   n 

J  (L) 
differs  from   n      by  less  than  £ , 

K  [L) 
n 

J    (x) 
The   fraction       n  ,  however,   v;hen  J   (x)  and  U  (x)  are 

lyrr 

replaced  by  expressions  obtained  from  equations  (11 ),  becomes 


cos   (x 

TT 

-  2^)  -  eiM 

sin  (x 

TT 
2 

-'%)-   t'^M 

\/here  £i|(x)  and  Cp(x)  tend  to  0  as  x  tends  to  infinity.  This 

fraction  approaches  cot  (x  -  ^  -  — )  as  x  tends  to  infinity.   Kow 

if  x(  ^)  is  a  continuous  function  of  V    for  small  positive  values  of 
/»  ,  and  tends  continuously  to  infinity  as  f  tends  to  0,  the  values 
of  the  above  fraction  must  assume  all  values  from  -  oo  to  +  co  . 
Hence,  in  vieu  of  the  behavior  of    n  '    ,  equation  (lU),  and  con- 

sequently  equation  (1),  cannot  be  satisfied  identically.   In  this  case, 
as  in  the  one  considered  earlier,  the  possibility  remains  that  x(  p) 
may  become  infinite  discontinuously  so  that  for  such  values  of  x 
equation  (1)  may  still  be  satisfied. 

axtension  of  the  Proof  to  Eouation  (2). 

Thus  far  we  have  considered  only  equation  (l).  The  proofs  in 

the  case  of  equation  (2)  are  precisely  the  same.  First,  v;e  note  that 

J'  and  IV   are  equal  to  J,  and  IC^  ,  respectively.  Secondly,  J'  and  IT' 
0     0  -i-      X  n      n 

have  the  same  general  properties  as  J  and  il  ,  and  as  in  the  proof  in 

the  aa.in  report,  it  is  uerely  necessary  to  change  an  exponent  from  n 

to  n  -+•  1  to  carry  through  a  proof  for  equation  (2)  just  as  it  is 

carried  thro-ugh  for  equation  (l). 


1]- 


One  further  change  is  necessary  in  dealing  with  eqaation  (2). 

In  Fart  III  a"bove  asymptotic  expansions  v;ere  used  for  J  and  '"  .   To 

n     "n 
obtain  asj-mptotic  expansions  for  J  '  and  N  '  one  can  use  the  recurrence 


relation 


n       2 


•^n-1^^)  -  Vl^^) 


(15) 

together  v;ith  the  theorem  that  permits  the  addition  of  the  asymptotic 
expansions  oi  tv/o  functions  in  order  to  ottaiu  an  asymptotic  expan- 
sion of  the  sum,  Ar.  recurrence  relation  similar  to  (I5)  applies  to 
K  '(x).  Ihe  results  are 


n 

TT      nn. 


J,'(x)^^     sin(x  ..  ^ ->  -)  f    £^(x) 


i^^'(x)-3  cos(x  -:^     -  ^)  +   £^(x)      . 

where  A  and  3  are  constants  and    £^(x)  and   C),(x)  are    ooth  of   the 

-3/2  ^ 

order  01   x  and  approach  C  as  x  becomes   infinite. 


Correction 

The   statement   of  the   lemma  on  page  27   of  special  report  N0.I7O-I, 
while  not  actually  incorrect,  may  he  slightly  misleading.      It  should  "be 
amended  to   read: 

Let        f(  P,x)  and  ^  '    '^^       he  continuous    for  all   P  >  0 

dx 
and  tend  to   definite  limits  as  /^approaches  0,    for  ell  positive  values 

of  x.      It   then  follows   that     -±ll^^  =     li°      dfjP   x)      . 

dx  <^-^0        dx 
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